ABSTRACT A method is presented for localizing molecular orbitals, based on diagonalizing subunits of the density matrix. First, nonbonding orbitals are found by diagonalizing the monatomic subunits; then, diatomic a or -r bonding and antibonding orbitals are obtained from the diatomic subunits for all bonded pairs of atoms; finally, the delocalized ir-orbitals for particular chromophores are found by projecting the first set out of the self-consistent field (SCF) Hamiltonian. The results show good general agreement with other localization methods, with advantages in the ability to display group orbitals in complex molecules which most closely resemble the SCF orbitals for simple prototypes. The impetus for obtaining localized orbitals is well recognized and much has been written about the applications and uses of localized orbitals (1-3).
ABSTRACT A method is presented for localizing molecular orbitals, based on diagonalizing subunits of the density matrix. First, nonbonding orbitals are found by diagonalizing the monatomic subunits; then, diatomic a or -r bonding and antibonding orbitals are obtained from the diatomic subunits for all bonded pairs of atoms; finally, the delocalized ir-orbitals for particular chromophores are found by projecting the first set out of the self-consistent field (SCF) Hamiltonian. The results show good general agreement with other localization methods, with advantages in the ability to display group orbitals in complex molecules which most closely resemble the SCF orbitals for simple prototypes. The impetus for obtaining localized orbitals is well recognized and much has been written about the applications and uses of localized orbitals (1) (2) (3) .
A set of localized orbitals may be obtained by a direct calculation of self-consistent field (SCF) localized molecular orbitals (4) or, given an arbitrary set of delocalized orbitals, one may construct a unitary matrix that will transform the delocalized orbitals into localized orbitals. The two most commonly used procedures for doing the latter are those of Boys (5) and Edmiston and Ruedenberg (6) . Closely related methods (7, 8) , improvements in efficiency (9) , and general discussions of the various methods have been presented elsewhere (10) (11) (12) (13) (14) .
In this work a method is presented that is based on the density matrix formalism and can be used with either ab initio or semi-empirical programs. In the latter case the required input consists of the overlap matrix, the molecular Hamiltonian, and the first-order density matrix.
METHOD
The localization process is based on the diagonalization of appropriate subunits of the density matrix (15) . First, the nonbonding and vacant atomic orbitals are obtained by diagonalizing the individual monatomic components, which are individually delineated by the basis orbitals for each atom. Ideally, a nonbonding orbital would be associated with the eigenvalue 2 and a vacant orbital would have the value 0. In practice it has been found convenient to take all orbitals with ni > 1.6 as nonbonding and those for which nj < 0.4 as vacant. The remaining eigenvectors are hybrids or linear combinations thereof associated with bonding to nearest neighbors.
Although it is tempting to use the remaining eigenvectors as hybrids for localized bonding and antibonding orbitals, this process is defeated by the near degeneracy (ideally, 1) for such orbitals, and extensive mixing occurs. The problem is avoided by the second step.
The diatomic portions for all pairs of atoms are isolated and diagonalized. Again In those cases in which the diatomic density matrix was projected before diagonalization, the resulting eigenvectors will be in a mixed basis. Therefore, any eigenvectors that are to be retained as localized bonding or antibonding orbitals must be transformed back to the original basis before they can be used.
The transformation for atom M is given by [4] in which D() and D(B) are the eigenvector coefficients of the projected diatomic density matrix and C and CO) are the molecular orbital coefficients for the two atoms in tie orthonormal atomic basis. When carried out for all possible pairs of atoms in the molecule, this procedure results in a set of localized monatomic ai and wx bonding and antibonding orbitals. The total number of localized orbitals is then compared with the number of orbitals in the basis set. If they are equal, then the complete set of localized orbitals has been found and we have obtained what may be termed the "intermediate localized orbitals." When the total is less than the number of basis orbitals, the molecule is assumed to have a system of delocalized orbitals which still must be found.
At this point it is desirable to focus attention on the Hartree-Fock Hamiltonian rather than on the density matrix. If the aromatic system is completely separated from the remainder, as in benzene, the occupied orbitals of this subset will be associated with degenerate eigenvalues of the aromatic subunit of p. Although a continuation of the above procedure will certainly lead to a reasonable delineation of the subspaces for occupied and virtual aromatic orbitals, the potential chemical information available is not fully exploited. By dealing with the appropriate projected Hamiltonian, one may obtain an energy-ordered set of virtual and occupied orbitals reflecting the local symmetry of a particular group, which most closely resembles the SCF orbitals of the isolated chromophore. The orbitals so determined are not equivalent to the original set of SCF delocalized orbitals because, due to partial delocalization, the transformation connecting the two sets of molecular orbitals is not exactly unitary. The elements of the transformation matrix T are given by 1: locCwDeloc Tmn = ckn c km k [9] in which the C"j are the intermediate localized molecular orbital coefficients and the CDlc are the SCF molecular orbital coefficients. The required separation of occupied and virtual spaces is maintained by requiring M and N to be both occupied or both virtual and setting Tmn = 0 otherwise.
The relationship between the SCF orbitals and the intermediate localized orbitals is preserved to the maximum degree, while still maintaining the proper separation of occupied and virtual spaces, by subjecting the columns of the nonunitary matrices T("') and T("') to a Lowdin symmetric orthogonalization. From In benzene the separations of the a and 7r system is strictly maintained. Here our method does not attempt to achieve maximal localization but rather seeks to divide the orbitals of a molecule into localizable and nonlocalizable sets according to any desired numerical criteria. Thus, the ir orbitals are identical with the original SCF eigenvectors, whereas the a orbitals are localized and correspond with those for other unsaturated molecules. When benzene derivatives are treated, the ir system of the ring is described by orbitals that can immediately be used for comparing their spectroscopic properties with those of the parent.
Diborane provides a particularly interesting test for the method. Four equivalent hybrids are found for normal B-H bonds in the principal molecular plane; the orbitals between the two boron atoms and the remaining pair of hydrogens are required to remain delocalized. The extraordinary nature of this bond is emphasized by the failure of two of the six B-H bonds to satisfy any criteria shared by conventional C-H type a bonds. RESULTS The above described localized orbital procedure has been programmed using the IEHT program of Rein et al. (16) 1.535. Clearly, there is no question that nitrogens 2 and 3 each have a lone pair orbital located on them and that nitrogen 4 has donated electrons to the ring system. The question that arises is how to treat nitrogen 1. Does one put a lone pair on it or hyperconjugate with the ring? Clearly, one has some leeway in this gray region and we have chosen an eigenvalue cutoff of 1.6 as the lower limit for a lone pair charge. Once these parameters have been chosen and incorporated into the computer program, the process is completely nonarbitrary. DISCUSSION This method has been designed as a supplement to existing ones with particular emphasis being placed on the analysis of spectroscopic properties for derivatives. By maintaining a u-ir separation, it is possible to derive localized orbitals that delineate chromophores in complex molecules bearing a direct relationship to parent molecules. A method for using such localized orbitals has been described elsewhere (17) .
A preliminary examination of the relationship between hybrid and bond axes indicates a possible criterion for speeding up convergence of geometrical determination programs and analyzing strain. For example, in the nonring compounds studied, hybrid axes tended toward conincidence with bond axes, .whereas for benzene an appreciable deviation was noted.
The procedure as described is reasonably efficient, requires no additional integrals, and is noniterative. The required input is generally available from either ab initio or semi-empirical calculations. As it is now programmed it will work for all molecular systems except those, like biphenyl, in which there are two separated delocalized systems. If one wishes to obtain localized orbitals for these types of molecules, a completely automatic nonarbitrary partitioning procedure has been formulated which keeps the two or more delocalized systems separate.
An interesting and useful by-product occurs during the process of obtaining the unitary form of the T matrix. When the T matrix is diagonalized, the set of eigenvalues obtained indicates the degree of localizability of the SCF delocalized orbitals. The closer the eigenvalues are to unity, the more localizable are the SCF orbitals. By varying the parameters for a semiempirical calculation, one can obtain SCF orbitals that are more or less localizable as desired. We have carried out this process with methane and have found a set of parameters that give 100% localizable orbitals.
Spectroscopic phenomena seem to fall into two categories: those that can largely be explained by localized orbitals and those which cannot. A spectroscopic localization program can be useful in formulating models of either type which can be studied in direct conjunction with more sophisticated computational programs. In the former category we have the bulk of UV and MCD data; in the latter would evidently come natural optical activity and NMR coupling constants.
The intermediate localized orbitals obtained directly by diagonalizing subunits of the density matrix, despite their nonorthogonality, can provide a quick check of the final or intermediate results in any SCF calculation. They can be particularly useful in conjunction with approximate MO methods on macromolecules too large for any formal SCF program.
